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(PARA-)HERMITIAN AND (PARA-)KA¨HLER SUBMANIFOLDS
OF A PARA-QUATERNIONIC KA¨HLER MANIFOLD
MASSIMO VACCARO
Abstract: On a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜), which is first
of all a pseudo-Riemannian manifold, a natural definition of (almost) Ka¨hler and
(almost) para-Ka¨hler submanifold (M2m,J , g) can be given where J = J1|M is
a (para-)complex structure on M which is the restriction of a section J1 of the
para-quaternionic bundle Q. In this paper, we extend to such a submanifold M
most of the results proved by Alekseevsky and Marchiafava, 2001, where Hermitian
and Ka¨hler submanifolds of a quaternionic Ka¨hler manifold have been studied.
Conditions for the integrability of an almost (para-)Hermitian structure on M
are given. Assuming that the scalar curvature of M˜ is non zero, we show that
any almost (para-)Ka¨hler submanifold is (para-)Ka¨hler and moreover that M is
(para-)Ka¨hler iff it is totally (para-)complex. Considering totally (para-)complex
submanifolds of maximal dimension 2n, we identify the second fundamental form
h of M with a tensor C = J2 ◦ h ∈ TM ⊗ S
2T ∗M where J2 ∈ Q is a compatible
para-complex structure anticommuting with J1. This tensor, at any point x ∈ M ,
belongs to the first prolongation S
(1)
J of the space SJ ⊂ EndTxM of symmetric
endomorphisms anticommuting with J . When M˜4n is a symmetric manifold the
condition for a (para-)Ka¨hler submanifold M2n to be locally symmetric is given.
In the case when M˜ is a para-quaternionic space form, it is shown, by using Gauss
and Ricci equations, that a (para-)Ka¨hler submanifold M2n is curvature invariant.
Moreover it is a locally symmetric Hermitian submanifold iff the u(n)-valued 2-form
[C,C] is parallel. Finally a characterization of parallel Ka¨hler and para-Ka¨hler
submanifold of maximal dimension is given.
1. Introduction
A pseudo-Riemannian manifold (M4n, g) with the holonomy group contained
in Sp1(R) · Spn(R) is called a para-quaternionic Ka¨hler manifold. This means
that there exists a 3-dimensional parallel subbundle Q ⊂ EndTM of the bundle of
endomorphisms which is locally generated by three skew-symmetric anticommuting
endomorphisms I, J,K satisfying the following para-quaternionic relations
−I2 = J2 = K2 = Id, IJ = −JI = K.
The subbundle Q ⊂ End(TM) is called a para-quaternionic structure. Any para-
quaternionic Ka¨hler manifold is an Einstein manifold [3].
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Let ǫ = ±1; a submanifold (M2m,J ǫ = Jǫ|TM , g) of the para-quaternionic
Ka¨hler manifold (M˜4n, Q, g˜), where M ⊂ M˜ is a submanifold, the induced metric
g = g˜|M is non-degenerate, and J
ǫ is a section of the bundle Q|M → M such that
JǫTM = TM, (Jǫ)2 = ǫId, is called an almost ǫ-Hermitian submanifold.
An almost ǫ-Hermitian submanifold (M2m,J ǫ, g) of a para-quaternionic Ka¨hler
manifold (M˜4n, Q, g˜) is called ǫ-Hermitian if the almost ǫ-complex structure J ǫ is
integrable, almost ǫ-Ka¨hler if the Ka¨hler form F = g ◦ J ǫ is closed and ǫ-Ka¨hler if
F is parallel. Note that ǫ-Ka¨hler submanifolds are minimal ([2]).
We will always assume that M˜4n has non zero reduced scalar curvature ν =
scal/(4n(n+ 2)).
In section 3 we study an almost ǫ-Hermitian submanifold (M2m,J ǫ, g) of the
para-quaternionic Ka¨hler manifold M˜4n and give the necessary and sufficient con-
dition to be ǫ-Hermitian. If furthermore M is analytic, we show that a sufficient
condition for integrability is that codimTxM > 2 at some point x ∈ M where by
TxM we denote the maximal Qx-invariant subspace of TxM . Then, as an applica-
tion, we prove that, if the set U of points x ∈M where the Nijenhuis tensor of J ǫ
of an almost ǫ-Hermitian submanifold of dimension 4k is not zero is open and dense
in M and TxM is non degenerate, then M is a para-quaternionic submanifold.
In fact, by extending a classical result of quaternionic geometry (see [1], [12]), we
show that a non degenerate para-quaternionic submanifold of a para-quaternionic
Ka¨hler manifold is totally geodesic, hence a para-quaternionic Ka¨hler submanifold.
In section 4, we give two equivalent necessary and sufficient conditions for an
almost ǫ-Hermitian manifold to be ǫ-Ka¨hler. We prove that an almost ǫ-Ka¨hler
submanifold M2m of a para-quaternionic Ka¨hler manifold M˜4n is ǫ-Ka¨hler and,
hence, a minimal submanifold (see [2]) and give some local characterizations of
such a submanifold (Theorem 4.2). In Theorem 4.3 we prove that the second
fundamental form h of a ǫ-Ka¨hler submanifoldM satisfies the fundamental identity
h(J ǫX,Y ) = Jǫh(X,Y ) ∀X,Y ∈ TM
and that, conversely, if the above identity holds on an almost ǫ-Hermitian submani-
foldM2m of M˜4n thenM2m is either a ǫ-Ka¨hler submanifold or a para-quaternionic
(Ka¨hler) submanifold and these cases cannot happen simultaneously. In particular,
we prove that an almost ǫ-Hermitian submanifold M is ǫ-Ka¨hler if and only if it
is totally ǫ-complex, i.e. it satisfies the condition J2TxM ⊥TxM ∀x ∈ M , where
J2 ∈ Q is a compatible para-complex structure anticommuting with J
ǫ.
In section 5, we study an ǫ-Ka¨hler submanifold M of maximal dimension 2n
in a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜) (still assuming ν 6= 0). Using
the field of isomorphisms J2 : TM → T
⊥M between the tangent and the normal
bundle, we identify, as in [5], the second fundamental form h of M with a tensor
C = J2 ◦ h ∈ TM ⊗ S
2T ∗M . This tensor, at any point x ∈ M , belongs to the
first prolongation S
(1)
J ǫ of the space SJ ǫ ⊂ EndTxM of symmetric endomorphisms
anticommuting with J ǫ. Using the tensor C, we present the Gauss-Codazzi-Ricci
equations in a simple form and derive from it the necessary and sufficient conditions
for the ǫ-Ka¨hler submanifold M to be parallel and to be curvature invariant (i.e.
R˜XY Z ∈ TM, ∀X,Y, Z ∈ TM). In subsection 5.4 we study a maximal ǫ-Ka¨hler
submanifold M of a (locally) symmetric para-quaternionic Ka¨hler space M˜4n and
get the necessary and sufficient conditions forM to be a locally symmetric manifold
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in terms of the tensor C. In particular, if M˜4n is a quaternionic space form, then
the ǫ-Ka¨hler submanifold M is curvature invariant. In this case, M is symmetric if
and only if the 2-form
[C,C] : X ∧ Y 7→ [CX , CY ] X,Y ∈ TM,
with values in the unitary algebra of the ǫ-Hermitian structure and that satisfies the
first and the second Bianchi identity, is parallel. MoreoverM is a totally ǫ-complex
totally geodesic submanifold of the quaternionic space form M˜4n if and only if
RicM =
ν
2
(n+ 1)g
(see Proposition 5.14).
In Section 6 we characterize a maximal ǫ-Ka¨hler submanifold M of the para-
quaternionic Ka¨hler manifold M˜4n with parallel non zero second fundamental form
h, or shortly, parallel ǫ-Ka¨hler submanifold. In terms of the tensor C, this means
that
∇XC = −ǫω(X)J
ǫ ◦ C, X ∈ TM
where ω = ω1|TM and ∇ is the Levi-Civita connection of M . When (M
2n,J , g),
where J = J ǫ, ǫ = −1, is a parallel not totally geodesic Ka¨hler submanifold, the
covariant tensor g ◦ C has the form gC = q + q where q ∈ S3(T ∗1,0x M) (resp.
q¯ ∈ S3(T ∗0,1x M)) is a holomorphic (resp. antiholomorphic) cubic form. We prove
that any parallel, not totally geodesic, Ka¨hler submanifold (M2n,J , g) of a para-
quaternionic Ka¨hler manifold (M˜4n, Q, g) with ν 6= 0 admits a pair of parallel holo-
morphic line subbundle L = spanC(q) of the bundle S
3T ∗1,0M and L = spanC(q)
of the bundle S3T ∗0,1M such that the connection induced on L (resp. L) has
the curvature RL = −iνg ◦ J = −iνF (resp. RL = iνg ◦ J = iνF ). In case
(M2n,J , g) where J = J ǫ, ǫ = +1, is a parallel not totally geodesic para-Ka¨hler
submanifold of (M˜4n, Q, g˜) we have gC = q++q− ∈ S3(T ∗+M)+S3(T ∗−M) where
TM = T+ + T− is the bi-Lagrangean decomposition of the tangent bundle. We
prove that, in this case, the pair of real line subbundle L+ := Rq+ ⊂ S3(T ∗+M)
and L− := Rq− ⊂ S3(T ∗−M)) are globally defined on M and parallel w.r.t the
Levi-Civita connection which defines a connection ∇L
+
on L+ (resp. ∇L
−
on L−)
whose curvature is
RL
+
= νF, (resp. RL
−
= −νF ).
2. Para-quaternionic Ka¨hler manifolds
For a more detailed study of para-quaternionic Ka¨hler manifolds see [15], [2], [9],
[8], [14]. Moreover for a survey on para-complex geometry see [4], [7].
Definition 2.1. ([2]) Let (ǫ1, ǫ2, ǫ3) = (−1, 1, 1) or a permutation thereof. An
almost para-quaternionic structure on a differentiable manifold M˜ (of dimen-
sion 2m) is a rank 3 subbundle Q ⊂ EndTM˜ , which is locally generated by three
anticommuting fields of endomorphism J1, J2, J3 = J1J2, such that J
2
α = ǫαId.
Such a triple will be called a standard basis of Q. A linear connection ∇˜ which
preserves Q is called an almost para-quaternionic connection. An almost para-
quaternionic structure Q is called a para-quaternionic structure if M˜ admits a
para-quaternionic connection i. e. a torsion-free connection which preserves Q. An
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(almost) para-quaternionic manifold is a manifold endowed with an (almost)
para-quaternionic structure.
Observe that JαJβ = ǫ3ǫγJγ where (α, β, γ) is a cyclic permutation of (1,2,3).
Definition 2.2. ([2]) An (almost) para-quaternionic Hermitian manifold
(M˜,Q, g˜) is a pseudo-Riemannian manifold (M˜, g˜) endowed with an (almost) para-
quaternionic structure Q consisting of skew-symmetric endomorphisms. The non
degeneracy of the metric implies that dim M˜ = 4n and the signature of g˜ is neutral.
(M˜4n, Q, g˜), n > 1, is called a para-quaternionic Ka¨hler manifold if the Levi-
Civita connection preserves Q.
Proposition 2.3. ([3]) The curvature tensor R˜ of a para-quaternionic Ka¨hler ma-
nifold (M˜,Q, g˜), of dimension 4n > 4, at any point admits a decomposition
(1) R˜ = νR0 +W,
where ν = scal4n(n+2) is the reduced scalar curvature,
(2)
R0(X,Y ) :=
1
2
∑
α
ǫαg˜(JαX,Y )Jα+
1
4
(X ∧ Y −
∑
α
ǫαJαX ∧ JαY ), X, Y ∈ TpM,
is the curvature tensor of the para-quaternionic projective space of the same dimen-
sion as M˜ and W is a trace-free Q-invariant algebraic curvature tensor, where Q
acts by derivations. In particular, R˜ is Q-invariant.
We define a para-quaternionic Ka¨hler manifold of dimension 4 as a
pseudo-Riemannian manifold endowed with a parallel skew-symmetric para-qua-
ternionic Ka¨hler structure whose curvature tensor admits the decomposition (1).
Since the Levi-Civita connections ∇˜ of a para-quaternionic Ka¨hler manifold pre-
serves the para-quaternionic Ka¨hler structure Q, one can write
(3) ∇˜Jα = −ǫβωγ ⊗ Jβ + ǫγωβ ⊗ Jγ ,
where the ωα, α = 1, 2, 3 are locally defined 1-forms and (α, β, γ) is a cyclic permu-
tation of (1,2,3). We shall denote by Fα := g˜(Jα·, ·) the Ka¨hler form associated
with Jα and put F
′
α := −ǫαFα.
We recall the expression for the action of the curvature operator R˜(X,Y ), X, Y ∈
TM˜ of M˜ , on Jα:
(4) [R˜(X,Y ), Jα] = ǫ3ν(−ǫβF
′
γ(X,Y )Jβ + ǫγF
′
β(X,Y )Jγ)
where (α, β, γ) is a cyclic permutation of (1,2,3).
Proposition 2.4. ([2]) The locally defined Ka¨hler forms satisfy the following struc-
ture equations
(5) νF ′α := −ǫανFα = ǫ3(dωα − ǫαωβ ∧ ωγ),
where (α, β, γ) is a cyclic permutation of (1,2,3).
By taking the exterior derivative of (5) we get
νdF ′α = ǫ3d(dωα − ǫαωβ ∧ ωγ) = −ǫ3(ǫαdωβ ∧ ωγ − ǫαωβ ∧ dωγ) .
Since dωβ = ǫ3νF
′
β + ǫβωγ ∧ ωα and dωγ = ǫ3νF
′
γ + ǫγωα ∧ ωβ , we get
νdF ′α = −ǫ3[(ǫαǫ3νF
′
β ∧ ωγ)− (ǫαωβ ∧ ǫ3νF
′
γ , )]
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that is ν[dF ′α − ǫα(−F
′
β ∧ ωγ + ωβ ∧ F
′
γ)] = 0. Hence we have the following result.
Proposition 2.5. On a para-quaternionic Ka¨hler manifold the following integra-
bility conditions hold
(6) ν[dF ′α − ǫα(−F
′
β ∧ ωγ + ωβ ∧ F
′
γ)] = 0, (α, β, γ) = cycl(1, 2, 3).
3. Almost ǫ-Hermitian submanifolds of M˜4n
The definition of an (almost) complex structure on a differentiable manifold and
the condition for its integrability are well known. We just recall the following other
definitions (see [2]).
Definition 3.1. An (almost)para-complex structure on a differentiable mani-
fold M is a field of endomorphisms J ∈ EndTM such that J2 = Id and the ±1-
eigenspace distributions T±M of J have the same rank. An almost para-complex
structure is called integrable, or para-complex structure, if the distributions
T±M are integrable or, equivalently, the Nijenhuis tensor NJ , defined by
NJ(X,Y ) = [JX, JY ]− J [JX, Y ]− J [X, JY ] + [X,Y ], X, Y ∈ TM
vanishes. An (almost)para-complex manifold (M,J) is a manifold M endowed
with an (almost) para-complex structure.
Definition 3.2. An (almost) ǫ-complex structure ǫ ∈ {−1, 1} on a differen-
tiable manifold M of dimension 2n is a field of endomorphisms J ∈ EndTM such
that J2 = ǫId and moreover, for ǫ = +1 the eigendistributions T±M are of rank n.
An ǫ-complex manifold is a differentiable manifold endowed with an integrable
(i.e. NJ = 0) ǫ-complex structure.
Consequently, the notation (almost) ǫ-Hermitian structure, (almost) ǫ-Ka¨hler
structure, etc.. will be used with the same convention.
Let recall that a submanifold of a pseudo-Riemannian manifold is non degenerate
if it has non degenerate tangent spaces.
Definition 3.3. Let (M˜4n, Q, g˜) be a para-quaternionic Ka¨hler manifold. A g˜-non
degenerate submanifoldM2m of M˜ is called an almost ǫ-Hermitian submanifold
of M˜ if there exists a section Jǫ :M → Q|M such that
JǫTM = TM (Jǫ)2 = ǫId.
We will denote such submanifold (M2m,J ǫ, g) where (g = g˜|M , J
ǫ = Jǫ|M ).
For a classification of almost (resp. para-)Hermitian manifolds see [13], (resp.
[6],[11]).
Notice (see [20],[21],[22]) that in any point x ∈M the induced metric gx =<,>x
of an (almost) Hermitian submanifold has signature 2p, 2q with p+ q = m whereas
the signature of the metric of an (almost) para-Hermitian submanifold is always
neutral (m,m). In both cases then the induced metric is pseudo-Riemannian (and
Hermitian). Keeping in mind this fact, we will not use the suffix ”pseudo” in the
following.
For any point x ∈ M2m, we can always include Jǫ into a local frame (J1 =
Jǫ, J2, J3 = J1J2 = −J2J1) of Q defined in a neighbourhood U˜ of x in M˜ such that
J22 = Id. Such frame will be called adapted to the submanifold M and in fact,
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since our considerations are local, we will assume for simplicity that U˜ ⊃M2m and
put
F = F1|M = g ◦ J
ǫ, ω = ω1|M .
Moreover, we have
(7) ∇˜Jǫ = −ω3 ⊗ J2 − ǫ ω2 ⊗ J3
where ∇˜ indicates the Levi-Civita connection on M˜ , and in complex case (ǫ = −1),
from (ǫ1, ǫ2, ǫ3) = (−1, 1, 1), we have J2J3 = −J1, J3J1 = J2 whereas in para-
complex case, where (ǫ1, ǫ2, ǫ3) = (1, 1,−1), we have J2J3 = −J1, J3J1 = −J2.
For any x ∈ M we denote TxM the maximal para-quaternionic (Q-invariant)
subspace of the tangent space TxM . Note that if (J1, J2, J3) is an adapted basis in
a point x ∈M then TxM = TxM ∩ J2TxM .
We allow TxM to be degenerate (even totally isotropic), hence its dimension
is even (not necessarily a multiple of 4) and the signature of g|TxM is (2k, 2s, 2k)
where 2s = dim ker g (see [20]). We recall that a subspace of a para-quaternionic
vector space (V,Q) is pure if it contains no non zero Q-invariant subspace. We
write then
TxM = TxM ⊕Dx
where Dx is any J
ǫ-invariant pure supplement (the existence of such supplement
is proved in [20]).
Recall that if M is a non degenerate submanifold of a pseudo-Riemannian mani-
fold (M˜, g˜) and TxM˜ = TxM⊕T
⊥
x M is the orthogonal decomposition of the tangent
space TxM˜ at point x ∈ M then the Levi-Civita covariant derivative ∇˜X of the
metric g˜ in the direction of a vector X ∈ TxM can be written as:
∇˜X ≡
(
∇X −AX
AtX ∇
⊥
X
)
.
that is
(8) ∇˜XY = ∇XY + h(X,Y ), ∇˜Xξ = −A
ξX +∇⊥Xξ
for any tangent (resp. normal) vector field Y (resp. ξ) on M . Here ∇X is the
covariant derivative of the induced metric g on M , ∇⊥X is the normal covariant
derivative in the normal bundle T⊥M which preserves the normal metric
g⊥ = g˜|T⊥M , A
t
XY = h(X,Y ) ∈ T
⊥M where h is the second fundamental form
and AXξ = A
ξX , where Aξ ∈ End TM is the shape operator associated with a
normal vector ξ.
Theorem 3.4. Let (M2m,J ǫ, g), m > 1, be an almost ǫ-Hermitian submanifold
of the para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜). Then
(1) the almost ǫ-complex structure J ǫ is integrable if and only if the local 1-
form ψ = ω3 ◦J
ǫ− ω2 on M
2m associated with an adapted basis H = (Jα)
vanishes.
(2) J ǫ is integrable if one of the following conditions holds:
a) dim(Dx) > 2 on an open dense set U ⊂M ;
b) (M,Jǫ) is analytic and dim(Dx) > 2 at some point x ∈M ;
Proof. (1) Let proceed as in [5], Theorem 1.1. Remark that if (M,J ǫ) is an almost ǫ-
complex submanifold of an almost ǫ-complex manifold (M˜, Jǫ) then the restriction
of the Nijenhuis tensor NJǫ to the submanifold M coincides with the Nijenhuis
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tensorNJ ǫ of the almost complex structure J
ǫ = Jǫ|TM . Then for anyX,Y ∈ TM ,
we can write
1
2NJ ǫ(X,Y ) = [J
ǫX,J ǫY ]− J ǫ[J ǫX,Y ]− J ǫ[X,J ǫY ] + ǫ[X,Y ] =
1
2NJǫ(X,Y ) = [∇˜JǫX(J
ǫY )− ∇˜JǫY (J
ǫX)]− Jǫ[∇˜JǫXY − ∇˜Y (J
ǫX)]
−Jǫ[∇˜X(J
ǫY )− ∇˜JǫYX ] + ǫ[∇XY −∇YX ]
= (∇˜JǫXJ
ǫ)Y − (∇˜JǫY J
ǫ)X + Jǫ(∇˜Y J
ǫ)X − Jǫ(∇˜XJ
ǫ)Y
and hence, from (3)
1
2NJ ǫ(X,Y ) = −[ω3(J
ǫX)− ω2(X)]J2Y + [−ǫω2(J
ǫX) + ω3(X)]J3Y
+[ω3(J
ǫY )− ω2(Y )]J2X − [−ǫω2(J
ǫY ) + ω3(Y )]J3X
where (J1, J2, J3) is an adapted local basis. This implies (1) in one direction.
Viceversa, let NJ ǫ(X,Y ) = 0, ∀X,Y ∈ TxM . By applying J2 to both members
of the above equality, this is equivalent to the identity
(9) ψ(X)Y + ǫψ(J ǫX)J ǫY = ψ(Y )X + ǫψ(J ǫY )J ǫX, ∀X,Y ∈ TxM.
Let assume that there exists a non zero vector X ∈ TxM such that ψ(X) 6= 0. We
show that this leads to a contradiction. Let consider a vector 0 6= Y ∈ TxM which
is not en eigenvector of J ǫ and such that span(X,J ǫX)∩ span(Y,J ǫY ) = 0. It is
easy to check that such a vector Y always exists. Then the vectors in both sides of
(9) must be zero which implies in particular that ψ(X) = 0. Contradiction.
(2) We assume that J ǫ is not integrable. Then the 1-form ψ = (ω3◦J
ǫ−ω2)|TM
is not identically zero, by (1). Denote by a = g−1ψ the local vector field on M
associated with the 1-form ψ and let a = a+ a′ with a ∈ TM and a′ ∈ D. Now we
need the following
Lemma 3.5. Let (M2m,J ǫ, g),m > 1, be an almost ǫ-Hermitian submanifold of
a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜). Then in any point x ∈ M2m
where the Nijenhuis tensor N(J ǫ)x 6= 0, or equivalently the vector ax 6= 0, any
J ǫ-invariant supplementary subspace Dx is spanned by a
′
x and J
ǫa′x:
Dx = span{a
′
x,J
ǫa′x}.
Moreover if TxM is not para-quaternionic (i.e. dimDx 6= 0) then ψ(TxM) ≡ 0.
Proof. Remark that
(10)
1
2NJ ǫ(X,Y ) = −ψ(X)J2Y + ǫψ(J
ǫX)J3Y + ψ(Y )J2X − ǫψ(J
ǫY )J3X
= −J2{ψ(X)Y + ǫψ(J
ǫX)J ǫY − ψ(Y )X − ǫψ(J ǫY )J ǫX},
that is NJ ǫ(X,Y ) ∈ J2TM ∩ TM = TM for any X,Y ∈ TM . Hence
(11)
[
ψ(X)Y + ǫψ(J ǫX)J ǫY − ψ(Y )X − ǫψ(J ǫY )J ǫX
]
∈ TM ∀X,Y ∈ TM.
Taking X ∈ TxM and 0 6= Y ∈ Dx the first two terms of (11) are in Dx and the last
two in TxM . We conclude that ψ(TxM) ≡ 0 if dimDx 6= 0. For X = a = g
−1ψ,
since g(a, Jǫa) = 0, the last condition says that
bY := |a|
2Y − ψ(Y )a− ǫψ(J ǫY )J ǫa ∈ TM ∀ Y ∈ TM
Considering the D-component of the vector bY for Y = Y ∈ TM and Y = Y
′ ∈ D
respectively, we get the equations:
(12) − ψ(Y )a′ − ǫψ(J ǫY )J ǫa′ = 0 , ∀ Y ∈ TM
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(13) |a|2Y ′ − ψ(Y ′)a′ − ǫψ(J ǫY ′)J ǫa′ = 0 ∀ Y ′ ∈ D.
The last equation shows that Dx = {a
′,J ǫa′} when a 6= 0 (whereas (12) confirms
that ψ(TxM) ≡ 0 when dimD 6= 0). Observe that a
′ is never an eigenvector of the
para-complex structure J .

Continuing the proof of Theorem (3.4): The Lemma implies statements (2a)
and (2b) since in the analytic case the set U of points where the analytic vector
field a 6= 0 is open (complementary of the close set where a = 0) and dense (since
otherwise it would exist an open set U˜ with a(U˜) = 0 which, by the analiticy of a
it would imply a = 0 everywhere) and dimDx ≤ 2 on U . 
From (10) it follows the
Corollary 3.6. In case TxM is pure ǫ-complex i.e. TxM = 0 in an open dense set
in M than the almost Hermitian submanifold is Hermitian.
This is a generalization of the 2-dimensional case where clearly, by the non
degeneracy hypotheses, TxM is pure for any x ∈M .
Definition 3.7. A submanifold M of an almost para-quaternionic manifold (M˜,Q)
is an almost para-quaternionic submanifold if its tangent bundle is Q-invariant.
Then (M,Q|TM ) is an almost para-quaternionic manifold.
The following proposition is the extension to the para-quaternionic case of a
basic result in quaternionic case.
Proposition 3.8. A non degenerate almost para-quaternionic submanifold M4m of
a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜) is a totally geodesic para-quaternionic
Ka¨hler submanifold.
Proof. Let A be the shape operator of the para-quaternionic submanifold. Then,
for any X,Y ∈ Γ(TM), ξ ∈ Γ(T⊥M),
g˜(Aξ(JαX), Y ) = −g˜(∇˜JαXξ, Y ) = −g˜(∇˜Y ξ, JαX)
= g˜(ξ, ∇˜Y (JαX)) = g˜(ξ, (∇˜Y J˜α)X + J˜α∇˜YX).
Moreover
g˜(ξ, J˜α∇˜YX) = −g˜(J˜αξ, ∇˜YX) = −g˜(J˜αξ, ∇˜XY − [X,Y ])
= −g˜(J˜αξ, ∇˜XY ) = g˜(ξ, J˜α∇˜XY ) = g˜(ξ, ∇˜X(J˜αY )− (∇˜X J˜α)Y )
= g˜(ξ, ∇˜X(JαY )) = −g˜(∇˜Xξ, JαY ) = −g˜(JαA
ξX,Y )
and
g˜(ξ, (∇˜Y J˜α)X) = g˜(ξ,−ǫβωγ(Y )JβX + ǫγωβ(Y )Jγ) = 0
since JβX, JγX ∈ Γ(TM). It follows that AJα = −JαA, α = 1, 2, 3. Computing
AJα = −JαA = −ǫ3ǫαJβJγA = −ǫ3ǫαAJβJγ = −(ǫ3ǫα)
2AJα = −AJα we get
A = 0 i.e. h = 0. Now it is immediate to deduce that (M4m, Q|TM , g) is also
para-quaternionic Ka¨hler. 
Corollary 3.9. Let (M4k,J ǫ, g) be an almost ǫ-Hermitian submanifold of dimen-
sion 4k of a para-quaternionic Ka¨hler manifold M˜4n. Assume that the set U of
points x ∈ M where the Nijenhuis tensor of J ǫ is not zero is open and dense
in M and that, ∀x ∈ U, TxM is non degenerate. Then M is a totally geodesic
para-quaternionic Ka¨hler submanifold.
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Proof. As in [5] by taking into account that, by the non degeneracy hypotheses of
TxM , it is necessarily dimDx = 0. 
4. Almost ǫ-Ka¨hler, ǫ-Ka¨hler and totally ǫ-complex submanifolds
Definition 4.1. The almost ǫ-Hermitian submanifold (M2m,J ǫ, g) of a para-
quaternionic Ka¨hler manifold (M˜4n, Q, g˜) is called almost ǫ-Ka¨hler (resp., ǫ-
Ka¨hler) if the Ka¨hler form F = F1|TM = g◦J
ǫ is closed (resp. parallel). Moreover
M is called totally ǫ-complex if
J2TxM ⊥ TxM ∀x ∈M
where (J1, J2, J3) is an adapted basis (note that J2TxM ⊥ TxM ⇔ J3TxM ⊥ TxM).
For a study of (almost)-Ka¨hler and totally complex submanifolds of a quater-
nionic manifold see [5],[10],[17],[18].
In case M˜ is the n-dimensional para-quaternionic numerical space H˜n, the pro-
totype of flat para-quaternionic Ka¨hler spaces (see [21]), typical examples of such
submanifolds are the flat Ka¨hler (resp. para-Ka¨hler) submanifolds M2k = Ck
(resp. C˜k) obtained by choosing the first k para-quaternionic coordinates as com-
plex (resp. para-complex) numbers and the remaining n− k equals to zero. In case
M˜4n = H˜Pn is the para-quaternionic projective space endowed with the standard
para-quaternionic Ka¨hler metric (see [8]), examples of non flat Ka¨hler (resp. para-
Ka¨hler) submanifolds are given by the immersions of the projective complex (resp.
para-complex) spaces CP k−1 (resp. C˜P k−1) induced by the immersions considered
above in the flat case.
From (3) one has
(14) (∇XJ
ǫ)Y =
[
− ω3(X)Id− ǫω2(X)J
ǫ
][
J2Y
]T
X,Y ∈ TM.
and then, by arguing as in [5], the following theorem is deduced.
Theorem 4.2. Let (M˜4n, Q, g˜) be a para-quaternionic Ka¨hler manifold.
1) A totally ǫ-complex submanifolds of M˜ is ǫ-Ka¨hler.
2) If ν 6= 0, for an almost ǫ-Hermitian submanifold (M2m,J ǫ, g), m > 1, of M˜ the
following conditions are equivalent:
k1) M is ǫ-Ka¨hler,
k2) ω2|TxM = ω3|TxM = 0 ∀x ∈M ,
k3) M is totally ǫ-complex.
Proof. The first statement follows from (14). The second statement is proved in [2]
Proposition 20. 
Theorem 4.3. Let (M˜4n, Q, g˜) be a para-quaternionic Ka¨hler manifold with non
vanishing reduced scalar curvature ν and (M2m,J ǫ, g) an almost ǫ-Hermitian sub-
manifold of M˜4n.
a) If (M2m,J ǫ, g) is ǫ-Ka¨hler then the second fundamental form h of M sa-
tisfies the identity
(15) h(X,J ǫY ) = h(J ǫX,Y ) = Jǫh(X,Y ) ∀X,Y ∈ TM.
In particular h(J ǫX,J ǫY ) = ǫh(X,Y ).
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b) Conversely, if the identity (15) holds on an almost ǫ-Hermitian submanifold
M2m of M˜4n then it is either a ǫ-Ka¨hler submanifold or a para-quaternionic
(Ka¨hler) submanifold and these cases cannot happen simultaneously.
Proof. (a) Let (M2m,J ǫ, g) be an almost ǫ-Hermitian submanifold of M˜ . By (3),
(16)
(∇˜XJ
ǫ)Y = (∇XJ
ǫ)Y + h(X,J ǫY )− Jǫh(X,Y )
= −ω3(X)J2Y − ǫω2(X)J3Y, X, Y ∈ TM.
From Theorem (4.2), we get
0 = (∇XJ
ǫ)Y + h(X,J ǫY )− Jǫh(X,Y ), ∀X,Y ∈ TM
and, from (∇XJ
ǫ)Y = 0 it is clear that if (M,J ǫ) is ǫ-Ka¨hler then (15) holds.
(b) Conversely, let assume that (15) holds on the almost ǫ-Hermitian submanifold
(M,J ǫ, g). Then for any X,Y ∈ TxM , from (16) we have
(∇XJ
ǫ)Y = (∇˜XJ
ǫ)Y.
Hence, ∀X,Y ∈ TxM ,
(∇XJ
ǫ)Y = −ω3(X)J2Y − ǫω2(X)J3Y = (−ω3(X)Id− ǫω2(X)J
ǫ)J2Y ∈ TxM.
Then, either J2TxM = TxM i.e. TxM is a para-quaternionic vector space or ω2|x =
ω3|x = 0 and by Theorem (4.2) the two conditions cannot happen simultaneously.
The set M1 = {x ∈M | J2TxM = TxM} is a closed subset and the complementary
open subset M2 = {x ∈ M | ω2|x = ω3|x = 0} is a closed subset as well since,
from Theorem (4.2), M2 = {x ∈ M | J2TxM ⊥ TxM}. Then, either M2 = 0 and
M = M1 is a para-quaternionic Ka¨hler submanifold or M1 = 0 and M = M2 is
ǫ-Ka¨hler. 
Corollary 4.4. A totally geodesic almost ǫ-Hermitian submanifold (M,J ǫ, g) of
a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜) with ν 6= 0 is either a ǫ-Ka¨hler
submanifold or a para-quaternionic submanifold and these conditions cannot happen
simultaneously.
Proof. The statement follows directly from Theorem (4.3) since (15) certainly holds
for a totally geodesic submanifold (h = 0). 
The following results have been proved in [2].
Proposition 4.5. ([2]) The shape operator A of an ǫ-Ka¨hler submanifold (M2m,J ǫ, g)
of a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜) anticommutes with J ǫ, that is
AJ ǫ = −J ǫA.
Corollary 4.6. ([2]) Any ǫ-Ka¨hler submanifold of a para-quaternionic Ka¨hler ma-
nifold is minimal.
We conclude this section with the following result concerning almost ǫ-Ka¨hler
submanifolds.
Theorem 4.7. Let (M˜4n, Q, g˜) be a para-quaternionic Ka¨hler manifold with non
vanishing reduced scalar curvature ν. Then any almost ǫ-Ka¨hler submanifold
(M2m,J ǫ, g) of M˜ is ǫ-Ka¨hler.
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Proof. By identity (6), the condition that the Ka¨hler form F = F1|M is closed can
be written as
(17) FT2 ∧ ω
T
3 = ǫF
T
3 ∧ ω
T
2 ,
where FTα , ω
T
α are the restriction of the forms Fα, ωα toM . We will prove that (17)
implies integrability.
Let suppose that there exists a point x of the almost ǫ-Ka¨hler submanifold M
where NJ ǫ |x 6= 0. From Lemma (3.5) then dimDx = 0 or 2 and from (11) one has
dimTxM > 0.
Let first consider the case that TxM = TxM . Observe that by hypotheses TxM is
non degenerate (than dim TxM = 4k). By applying (17) to the triple (X, J2X, J1X)
for X ∈ TxM no eigenvector of any compatible para-complex structure in Q, we
have
(FT2 ∧ ω
T
3 )(X, J2X, J1X) = −‖X‖
2ωT3 (J1X) = −ω
T
3 (J1X)
= ǫ(FT3 ∧ ω
T
2 )(X, J2X, J1X) = ǫF
T
3 (J2X, J1X)ω
T
2 (X) = −‖X‖
2ωT2 (X).
Hence ωT3 = ǫω
T
2 ◦J
ǫ and, from Theorem (3.4), it follows that NJ ǫ |x = 0. Contra-
diction.
Let now suppose that codim TxM = 2. From Lemma (3.5) it is ψ(TxM) =
0. If TxM is non degenerate, calculating both sides of equation (17) on vectors
X, J2X,Y , where X is a unit vector from TxM and Y ∈ Dx is the J
ǫ-invariant
orthogonal complement to TxM in TxM we get
(FT2 ∧ ω
T
3 )(X, J2X,Y ) = ǫω
T
3 (Y ) = −(F
T
3 ∧ η)(X, J2X,Y ) = 0.
Hence, ωT3 (Dx) = 0 = ω
T
2 (Dx) which implies that NJ ǫ |x = 0. Contradiction.
In case that TxM is degenerate (even totally isotropic) and dimDx = 2 with Dx
any J ǫ-invariant complement to TxM in TxM , by evaluating (17) on the triple
(Y,J ǫY,X) with {Y,J ǫY } any basis of Dx and X ∈ ker gTxM it is
FT2 ∧ ω
T
3 (X,Y,J
ǫY ) =< J2X,Y > ω
T
3 (J
ǫY )− < J3Y,X > ω
T
3 (Y );
ǫ(FT3 ∧ ω
T
2 )(X,Y,J
ǫY ) = ǫ[< J3X,Y > ω
T
2 (J
ǫY )− ǫ < J2Y,X > ω
T
2 (Y )]
i.e.
< J2X,Y > [ω3(J
ǫY )− ω2(Y )]− < J3Y,X > [ω3(Y )− ǫω2(J
ǫY )] = 0.
Then, considering the non degeneracy of TxM , the only solution is given by
[ωT3 ◦ J
ǫY − ωT2 ] = [ω
T
3 − ǫω
T
2 ◦ J
ǫY )] = 0, ∀Y ∈ Dx
i.e. ψ(Dx) = 0 which leads again to the contradiction that NJ ǫ |x = 0. 
We state the following corresponding result regarding quaternionic geometry:
Theorem 4.8. Let (M˜4n, Q, g˜) be a quaternionic Ka¨hler manifold with non zero
reduced scalar curvature ν. Then any almost Ka¨hler submanifold (M2m,J , g), n 6=
2 of M˜ is Ka¨hler.
Proof. Here the condition for a submanifold to be almost-Ka¨hler is given by the
equation
(18) FT2 ∧ ω
T
3 = F
T
3 ∧ ω
T
2 .
The result for dimension greater that 6 has been given in [5].
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By applying the proof of our Theorem (4.7) to the other cases and considering
that in quaternionic case the metric in each subspace of TxM is positive definite,
the conclusion follows. With respect to the para-quaternionic case the difference
concerning the dimension 4 follows from the fact that, in a point x ∈M where the
tangent space TxM is a 4 dimensional (Euclidean) quaternionic vector space, the
equation (18) admits the non trivial solution (ωT2 , ω
T
3 = ω
T
2 ◦ J ) which does not
imply NJ ǫ |x = 0 that happens iff ω
T
3 ◦ J − ω
T
2 = 0. 
5. Maximal ǫ-Ka¨hler submanifolds of a para-quaternionic Ka¨hler
manifold
5.1. The shape tensor C of a ǫ-Ka¨hler submanifold. Let (M2n,J ǫ, g) be
a ǫ-Ka¨hler submanifold of maximal possible dimension 2n of a para-quaternionic
Ka¨hler manifold (M˜4n, Q, g˜) with ν 6= 0. We fix an adapted basis (J1 = J
ǫ, J2, J3 =
J1J2, J
2
1 = ǫId, J
2
2 = Id, J
ǫ = J1|TM ) of Q and assume that it is defined on a
neighbourhood of M2n in M˜4n. From Theorem (4.2), the submanifold M is totally
ǫ-complex. We have the orthogonal decomposition
(19) TxM˜ = TxM ⊕ J2TxM ∀x ∈M.
Since ω2|TxM = ω3|TxM = 0 ∀x ∈M, then the following equations hold:
(20) ∇˜XJ1 = 0 , ∇˜XJ2 = ǫω(X)J3 , ∇˜XJ3 = ω(X)J2 ∀X ∈ TM
where ω = ω1|TM is a 1-form. We identify the normal bundle T
⊥M with the
tangent bundle TM using J2 (note that J
−1
2 = J2):
ϕ = J2|T⊥M : T
⊥
x M → TxM
ξ 7→ J2ξ .
Then the second fundamental form h of M is identified with the tensor field
C = J2 ◦ h ∈ TM ⊗ S
2T ∗M
and the normal connection ∇⊥ on T⊥M is identified with a linear connection
∇N = J2 ◦ ∇
⊥ ◦ J2 on TM . We will call C the shape tensor of the ǫ-Ka¨hler sub-
manifold M . Note that C depends on the adapted basis (Jα) and it is defined only
locally. We recall (see [21]) that the 3-dimensional vector space Qx ⊂ End(TxM˜)
has a natural pseudo-Euclidean norm defined by L2 = −||L||2Id, L ∈ Q. W.r.t.
the adapted basis above, if L = aJ1 + bJ2 + cJ3 ∈ Q then ||L||
2 = a2 − b2 − c2
if ǫ = −1 and ||L||2 = −a2 − b2 + c2 if ǫ = 1. Then if (J ′α) is another adapted
basis obtained by the pseudo-orthogonal transformation, represented in the base
(J1, J2, J3), by the following matrices Bǫ ∈ SO(2, 1)
(21) B−1 =

 1 0 00 cosθ −sinθ
0 sinθ cosθ

 , B1 =

 1 0 00 coshθ sinhθ
0 sinhθ coshθ


then the shape tensor transforms as
C 7→ C′ = J ′2 ◦ h = cos θC + sin θJ
ǫ ◦ C (resp. C′ = cosh θC + sinh θJ ǫ ◦ C) .
In the following (Ei), i = 1, . . . , 2n will be an orthonormal basis of TxM and we
will use the notation µi =< Ei, Ei >.
Lemma 5.1. One has
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(1) For any X ∈ TM the endomorphism CX of TM is symmetric and
CX = −A
ϕ−1X = −AJ2X where Aξ is the shape operator, defined in (8)
(Note that CJ2ξ = −A
ξ , ∀ ξ ∈ T⊥M).
(2) ∇NX = ∇X − ǫω(X)J
ǫ, X ∈ TM .
(3) The curvature of the connection ∇N is given by
RNXY = RXY − ǫdω(X,Y )J
ǫ.
(4) {CX ,J
ǫ} = CX ◦ J
ǫ + J ǫ ◦ CX = 0 and hence tr C =
∑
2n µiCEiEi = 0.
(5) The tensors gC and gC ◦ J ǫ defined by
gC(X,Y, Z) = g(CXY, Z), (gC ◦ J
ǫ)(X,Y, Z) = gC(J ǫX,Y, Z)
are symmetric, i.e. both gC and gC ◦ J ǫ ∈ S3T ∗M .
Proof. (1) Using (19) and (20), for any X,Y, Z ∈ TM one has
〈CXZ, Y 〉 = 〈J2 ◦ h(X,Z), Y 〉 = −〈h(X,Z), J2Y 〉 = −〈∇˜X(Z), J2Y 〉
= 〈∇˜X(J2Y ), Z〉 = 〈(∇˜XJ2)Y + J2∇˜XY, Z〉
= 〈ǫω(X)J3Y + J2∇˜XY, Z〉 = 〈J2∇˜XY, Z〉
= −〈∇˜XY, J2Z〉 = −〈h(X,Y ), J2Z〉 = 〈CXY, Z〉 .
Moreover, for any X,Y, Z ∈ TM ,
〈−AJ2XY, Z〉 = −〈h(Y, Z), J2X〉 = 〈J2h(Y, Z), X〉 = 〈CY Z,X〉 = 〈Z,CXY 〉.
This implies that CX = −A
J2X .
(2) Denoting by [ ]⊥ the projection on T⊥M of a vector in T˜M , we have
∇NXY = J2∇
⊥
X(J2Y ) = J2[∇˜X(J2Y )]
⊥ = J2[(∇˜XJ2)Y + J2∇˜XY ]
⊥
= J2[(ǫω(X)J3Y + J2(∇XY + h(X,Y ))]
⊥ = −ǫω(X)JY +∇XY.
(3) RNXY Z = [∇X − ǫω(X)J
ǫ,∇Y − ǫω(Y )J
ǫ](Z)−∇[X,Y ]Z + ǫω([X,Y ])J
ǫZ
= RXY Z +∇X [−ǫω(Y )J
ǫZ]− ǫω(X)J ǫ∇Y Z + ω(X)ω(Y )J
ǫ2Z+
ǫ∇Y [ω(X)J
ǫZ] + ǫω(Y )J ǫ∇XZ − ω(X)ω(Y )J
ǫ2Z + ǫω([X,Y ])J ǫZ
= RXY Z − ǫ{X · ω(Y )− Y · ω(X)− ω([X,Y ])}J
ǫZ
= RXY Z − ǫdω(X,Y )J
ǫZ.
(4) By using (15) we get
CX(J
ǫY ) = J2h(X,J
ǫY ) = J2J
ǫh(X,Y ) = −J ǫCXY .
Since CX = −J
ǫ ◦CX ◦ J
ǫ−1, then tr CX = 0 ∀X ∈ TM , which implies tr C = 0.
(5) The first statement follows from (1) and the symmetry of h. Using (4) we
prove the second one:
(gC ◦ J ǫ)(X,Y, Z) = gC(J ǫX,Y, Z) = 〈CJ ǫXY, Z〉 = 〈CY (J
ǫX), Z〉
= −〈J ǫCYX,Z〉 = 〈CYX,J
ǫZ〉 = 〈CY (J
ǫZ), X〉
= 〈CJ ǫZY,X〉 = (gC ◦ J
ǫ)(Z, Y,X).
Moreover from (1) it is (gC ◦ J ǫ)(X,Y, Z) = (gC ◦ J ǫ)(X,Z, Y ). 
We denote by ∇′ the linear connection in a tensor bundle which is a tensor
product of a tangent tensor bundle of M and a normal tensor bundle whose con-
nections are respectively ∇ and ∇⊥. For example, if k is a section of the bundle
14 MASSIMO VACCARO
T⊥M ⊗ S2T ∗M then (∇′Xk)(Y, Z) = ∇
⊥
X(k(Y, Z))− k(∇XY, Z)− k(Y,∇XZ). By
using (2) of Lemma (5.1), we get
J2(∇
′
Xh)(Y, Z) = J2{∇
⊥
X [h(Y, Z)]− h(∇XY, Z)− h(Y,∇XZ} =
= ∇NX [J2h(Y, Z)]− C∇XY Z − CY∇XZ
= (∇NXC)Y Z + C∇NXY Z + CY∇
N
XZ − C∇XY Z − CY∇XZ
hence for the covariant derivative of the second fundamental form we have:
(22) J2(∇
′
Xh)(Y, Z) = (∇
N
XC)Y Z+2ǫω(X)J
ǫCY Z = (∇XC)Y Z+ǫω(X)J
ǫCY Z.
Denote by SJ ǫ = {A ∈ EndTM, {A,J
ǫ} = 0, g(AX, Y ) = g(X,AY )} the
bundle of symmetric endomorphisms of TM , which anticommutes with J and by
S
(1)
J ǫ = {A ∈ Hom(TM,SJ ǫ) = T
∗M ⊗ SJ ǫ , AXY = AYX} its first prolongation.
Then conditions (4), (5) can be reformulated as follows.
Corollary 5.2. The tensor C = J2h belongs to the space S
(1)
J ǫ and its covariant
derivative is given by
∇XC = J2∇
′
Xh− ǫω(X)J
ǫ ◦ C .
5.2. Gauss-Codazzi-Ricci equations. Let M be a submanifold of a pseudo-
Riemannian manifold M˜ and R˜XY = R
TT
XY +R
⊥T
XY +R
T⊥
XY +R
⊥⊥
XY the decomposition
of the curvature operator R˜XY , X, Y ∈ TxM of the manifold M˜ according to the
decomposition
End(TxM˜) = End(TxM) + Hom(TxM,T
⊥
x M) + Hom(T
⊥
x M,TxM) + End(T
⊥
x M).
Using (8) and calculating the curvature operator R˜XY = [∇˜X , ∇˜Y ]− ∇˜[X,Y ] of the
connection ∇˜, we get the following Gauss-Codazzi-Ricci equations:
(Gauss) R⊤⊤XY = RXY −AXA
t
Y +AY A
t
X (⊤⊤)
= RXY −
∑
i κiA
ξiX ∧ AξiY
(Codazzi 1) R⊥⊤XY = hX∇Y − hY∇X +∇
⊥
XhY −∇
⊥
Y hX − h[X,Y ] (⊥⊤)
R⊥⊤XY Z = (∇
′
Xh)(Y, Z)− (∇
′
Y h)(X,Z)
(Codazzi 2) R⊤⊥XY = −h
t
X∇
⊥
Y −∇Xh
t
Y + h
t
Y∇
⊥
X +∇Y h
t
X + h
t
[X,Y ] (⊤⊥)
R⊤⊥XY η = −(∇XA
η −A∇
⊥
Xη)Y + (∇Y A
η −A∇
⊥
Y η)X
= (∇′Xh
t)(Y, η)− (∇′Y h
t)(X, η)
(Ricci) R⊥⊥XY = R
⊥
XY − hX ◦ h
t
Y + hY ◦ h
t
X (⊥⊥)
= R⊥(X,Y )−
∑
a,b κaκb < A
ξaX,AξbY > ξa ∧ ξb
= R⊥(X,Y )−
∑
a,b κaκb < [A
ξa , Aξb ]X,Y > ξa ∧ ξb
R⊥⊥XY η = R
⊥
XY η −
∑
i κi〈X, [A
ξi , Aη]Y 〉ξi
where ξi is an orthonormal basis of T
⊥M and κi =< ξi, ξi >, X,Y ∈ TM , η ∈
T⊥M , R, R⊥ are the curvature tensors of the connections ∇ and ∇⊥. We identify
a bivector X ∧ Y with the skew-symmetric operator Z 7→ 〈Y, Z〉X − 〈X,Z〉Y and
denote by htX : T
⊥M → TM the adjoint operator of hX = h(X, ·) : TM → T
⊥M .
We recall that shape operator and second fundamental form satisfy AηX = htXη,
(AX = htX) or, equivalently, < A
ηX,Y >=< h(X,Y ), η >.
Definition 5.3. Let M be a submanifold M of a Riemannian manifold M˜ . Then
(1) M is called curvature invariant if R˜XY Z ∈ TM , ∀X,Y, Z ∈ TM,
or equivalently, R⊤⊥ = R⊥⊤ = 0.
(PARA-)HERMITIAN AND (PARA-)KA¨HLER SUBMANIFOLD OF A PQK MANIFOLD 15
(2) M is called strongly curvature invariant if it is curvature invariant and
moreover R˜ξηζ ∈ T
⊥M , ∀ ξ, η, ζ ∈ T⊥M .
(3) M is called parallel if the second fundamental form is parallel: ∇′h = 0.
Let us recall the following known result.
Proposition 5.4. A parallel submanifold M of a locally symmetric manifold M˜ is
curvature invariant and locally symmetric.
Proof. First statement follows from (⊥⊤). For the second statement observe that
R˜|TxM = R
TT +R⊥T = RTT . Then 0 = ∇˜R˜ = ∇RTT . It follows
0 = ∇(RTT )(X,Y ) = (∇R)XY −∇(h
t
X ◦ hY ) +∇(h
t
Y ◦ hX) ∀X,Y ∈ TM
which implies ∇R = 0. 
5.3. Gauss-Codazzi-Ricci equations for a ǫ-Ka¨hler submanifold. By speci-
fying the previous formulas to a totally ǫ-complex submanifold and using Lemma
(5.1) and (22) we get the following
Proposition 5.5. The Gauss-Codazzi-Ricci equations for a maximal totally ǫ-
complex submanifold (M2n,J ǫ, g) of a para-quaternionic Ka¨hler manifold (M˜4n, Q, g˜)
can be written as
(1) RTTXY = RXY + [CX , CY ]
(2) J2R
⊥⊥
XY J2 = R
N
XY + [CX , CY ] = RXY + [CX , CY ]− ǫdω(X,Y )J
ǫ
(3) J2R
⊥T
XY = PXY − PY X
where (Jα) is an adapted basis of (M
2n,J ǫ), C = J2h is the shape tensor and
PXY := (∇XC)Y + ǫω(X)J
ǫ ◦ CY ∈ SJ ǫ.
Proof. We prove the first two equations since the third comes directly from (22)
RTTXY = RXY −AXA
t
Y +AY A
t
X = RXY + CJ2AtYX − CJ2AtXY
= RXY + CJ2hYX − CJ2hXY = RXY + CCYX − CCXY = RXY + [CX , CY ]
J2R
⊥⊥
XY J
−1
2 = J2(∇
⊥
XJ
2
2∇
⊥
Y )J2 − J2(∇
⊥
Y J
2
2∇
⊥
X)J2 − J2∇
⊥
[X,Y ]J2
+J2hY AXJ2 − J2hXAY J2 = R
N
XY − J2hY CX + J2hXCY
= RNXY − CY CX + CXCY = R
N
XY + [CX , CY ]
Now we prove that PXY ∈ SJ ǫ . Let X,Y, Z, T ∈ TxM . From (22), PXY =
J2(∇
′
Xh)Y and computing
< PXY J
ǫZ, T >=< J2(∇
′
Xh)Y J
ǫZ, T >
=< J2∇˜X [h(Y,J
ǫZ), T > − < J2h(∇XY,J
ǫZ), T > − < J2h(Y,∇X(J
ǫZ)), T >
=< J2J1∇
⊥
X [h(Y, Z)], T > − < J2J1[h(∇XY, Z)], T > − < J2J1[h(Y,∇XZ)], T >
= − < PXY Z,J
ǫT >
Being −RT⊥XY the adjoint of R
⊥T
XY , the operator R
T⊥
XY J2 is the adjoint of J2R
⊥T
XY . 
Corollary 5.6. The Ricci tensor RicM of the ǫ-Ka¨hler submanifold M
2n ⊂ M˜4n
is given by
RicM = Ric(R
TT ) + trg〈C., C.〉 = Ric(R
TT ) + 〈
∑
i µiC
2
Ei
·, ·〉
or, more precisely,
RicM (X,Y ) = Ric(R
TT )(X,Y ) +
∑2n
i=1 µi〈CEiX,CEiY 〉 X,Y ∈ TM
where Ric(RTT ) is the Ricci tensor of the tangential part RTT of R˜, that is
Ric(RTT )(X,Y ) = tr(Z 7→ RTTZXY ).
16 MASSIMO VACCARO
Proof.
Ric(X,Y ) =
∑2n
i=1 µi{g(R
TT (Ei, X)Y,Ei)− g([CEi , CX ]Y,Ei)}
= Ric(RTT )(X,Y )−
∑2n
i=1 µi{g(CEiCXY,Ei)− g(CXCEiY,Ei)}
= Ric(RTT )(X,Y )−
∑2n
i=1 µig(CEiEi, CXY ) +
∑2n
i=1 µig(CEiY,CEiX)
= Ric(RTT )(X,Y ) +
∑2n
i=1 µig(CEiX,CEiY )

Proposition 5.7. LetM2n be a ǫ-Ka¨hler submanifold of a para-quaternionic Ka¨hler
manifold M˜4n. Then
(1) M2n is parallel if and only if PXY := (∇XC)Y + ǫω(X)J
ǫ ◦ CY = 0 ;
(2) M2n is curvature invariant if and only if the tensor PXY belongs to
S
(2)
J ǫ = {A ∈ Hom(TM,S
(1)
J ǫ ), AXY = AY X}.
Then M2n is strongly curvature invariant.
Proof. 1) Follows from (22). First statement of 2) follows from (3) of Proposition
(5.5). To prove the last statement, we use the general identity for R˜ of M˜4n
< R˜(JǫX, JǫY )JǫT, JǫZ >=< R˜(X,Y )T, Z > (it follows from repeated applica-
tions of (4)). By the curvature invariance and since J2TxM = T
⊥
x M, ∀x ∈ M ,
it is 0 =< R˜(X,Y )Z, ξ >=< R˜(J2X, J2Y )J2Z, J2ξ >, X, Y, Z ∈ TM, ξ ∈ T
⊥M .
Then R˜ξηζ ∈ T
⊥M, ∀ ξ, η, ζ ∈ T⊥M . 
Proposition 5.8. For a ǫ-Ka¨hler submanifold (M2n,J ǫ, g) of a para-quaternionic
Ka¨hler manifold M˜4n,we have:
(23) R⊥⊥XY = J2R
TT
XY J2 + ǫνF (X,Y )J
ǫ
i.e Ricci equation follows from Gauss one. Moreover
dω(X,Y ) = νF (X,Y ).
Proof. By proposition (2.3), the fact that [Jα, Jβ ] = 2ǫ3ǫγJγ and from (4) one has
〈J2R
⊥⊥
XY J2U, V 〉 = 〈J2R˜XY J2U, V 〉 = 〈J2{[R˜XY , J2]U + J2R˜XY U}, V 〉
= 〈R˜XY U, V 〉+ ǫ3ν〈J2(−F1(X,Y )J3 + F3(X,Y )J1)U, V 〉
= 〈RTTXY U, V 〉 − ǫν〈F (X,Y )J1U, V 〉, X, Y, U, V ∈ TM,
that is (23). Since J2R
⊥⊥
XY J2 = R
TT
XY − ǫdω(X,Y )J
ǫ, the last identity follows. 
5.4. Maximal ǫ-Ka¨hler submanifolds of a para-quaternionic symmetric
space. Now we assume that the manifold (M˜4n, g˜) is a (locally) symmetric man-
ifold, i.e. ∇˜R˜ = 0. By adapting the proof of Proposition 2.10 in [5] to the para-
quaternionic case, we can state the following
Proposition 5.9. Let (M2n,J ǫ, g) be an ǫ-Ka¨hler submanifold of a para-quater-
nionic locally symmetric space (M˜4n, Q, g˜). Then the covariant derivatives of the
tangential part RTT , the normal part R⊥⊥ and mixed part R⊥T of the curvature
tensor R˜|M can be expressed in terms of these tensors and the shape operator C =
J2 ◦ h as follows:
(24)
〈(∇XR
TT )(Y, Z)U, V 〉 = +〈R⊥T (Y, Z)U, J2CXV 〉 − 〈R
⊥T (Y, Z)V, J2CXU〉
+〈J2R
⊥T (U, V )CXY, Z〉+ 〈R
⊥T (U, V )Y, J2CXZ〉
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(25)
(∇′XR
⊥T )(Y, Z)U = −J2CXR
TT (Y, Z)U −R⊥⊥(Y, Z)J2CXU
+[R˜(J2CXY, Z)U + R˜(Y, J2CXZ)U ]
⊥
= −J2CXR
TT (Y, Z)U − J2R
TT (Y, Z)CXU
+νǫF (Y, Z)J3CXU + [R˜(J2CXY, Z)U + R˜(Y, J2CXZ)U ]
⊥
(26) (∇
′
XR
T⊥)(Y, Z)ξ = +
[
R˜(J2CXY, Z)ξ + R˜(Y, J2CXZ)ξ
]T
+RTT (Y, Z)CJ2ξX − CXJ2R
⊥⊥(Y, Z)ξ
(27)
〈(∇′XR
⊥⊥)(Y, Z)J2U, J2V 〉 = 〈R
⊥T (U, V )Z, J2CXY 〉 − 〈R
⊥T (U, V )Y, J2CXZ〉
+〈R⊥T (Y, Z)CUX, J2V 〉+ 〈CXR
T⊥(Y, Z)J2U, V 〉
for any X,Y, Z, U, V ∈ TM , ξ ∈ T⊥M .
By (24) and (25) we get immediately the following result.
Proposition 5.10. If the ǫ-Ka¨hler submanifold M2n ⊂ M˜4n is curvature invariant
then the tensor field RTT is parallel i.e. ∇RTT = 0 and satisfies the identity
(28)
CXR
TT (Y, Z) +RTT (Y, Z)CX + νǫF (Y, Z)J
ǫCX
=
[
J2(R˜(J2CXY, Z) + R˜(Y, J2CXZ))
]TT
where (A)TT denotes the End(TxM) component of an endomorphism A of TxM˜ .
Denote by [C,C] the End(TxM)−valued 2-form, given by
[C,C](X,Y ) = [CX , CY ] ∀X,Y ∈ TM.
(One can easily check that it is globally defined on M).
For a subspace G ⊂ End(TxM) we define the space R(G) of the curvature tensors
of type G by
R(G) = {R ∈ G ⊗ Λ2T ∗xM | cycl R(X,Y )Z = 0, ∀X,Y, Z ∈ TxM}
where cycl is the sum of cyclic permutations of X,Y, Z.
Let denote by uǫp,q the Lie algebra of the unitary Lie group of automorphisms
of the Hermitian (para)-complex structure (J ǫ, g) where (p, q) corresponds to the
signature of g. As a Corollary of Propositions (5.9) and (5.5) (1) we have the
following
Proposition 5.11. Under the assumptions of Proposition (5.10) the tensor field
[C,C] = RTT − R belongs to the space R(uǫp,q) and satisfies the second Bianchi
identities:
cycl∇Z [CX , CY ] = 0.
Proof. The tensor [C,C] satisfies the first Bianchi identity since R and RTT do it.
Moreover J ǫ ◦ [CX , CY ] = −CX ◦J
ǫCY +CY ◦J
ǫCX = CXCY ◦J
ǫ−CY CX ◦J
ǫ =
[CX , CY ] ◦ J
ǫ i.e. [CX , CY ] commutes with J
ǫ. Furthermore, by the symmetry
of CX , < [CX , CY ]Z, T >=< CY Z,CXT > − < CXZ,CY T >=< Z, [CY , CX ]T >
that is [CX , CY ] is skew-symmetric with respect to the metric g =< , >. Then the
tensor [C,C] belongs to the space R(uǫp,q) of the u
ǫ
p,q-curvature tensors. The last
statement follows from remark that cycl∇Z [CX , CY ] = cycl∇Z(R
TT + R). But
∇RTT = 0 and R satisfies the second Bianchi identity. 
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As another Corollary of Proposition (5.9) we get the following result.
Proposition 5.12. A maximal ǫ-Ka¨hler submanifold M2n of a locally symmetric
para-quaternionic Ka¨hler manifold M˜4n is locally symmetric (that is ∇R = 0) if
and only if the following identity holds:
(29)
〈∇X [C,C]Y,ZU, V 〉 = 〈R
⊥T (Y, Z)U, J2CXV 〉 − 〈R
⊥T (Y, Z)V, J2CXU〉
+〈J2R
⊥T (U, V )CXY, Z〉+ 〈R
⊥T (U, V )Y, J2CXZ〉 .
If M is curvature invariant then (29) reduces to the condition that the tensor
field [C,C] is parallel (∇[C,C] = 0).
Proof. The proof follows directly from the Gauss equation and (24). 
5.5. Maximal totally complex submanifolds of para-quaternionic space
forms. Now we assume that (M˜4n, Q, g˜) is a non flat para-quaternionic space
form, i.e. a para-quaternionic Ka¨hler manifold which is locally isometric to the
para-quaternionic projective space H˜Pn or the dual para-quaternionic hyperbolic
space H˜Hn with standard metric of reduced scalar curvature ν. Recall that the
curvature tensor of (M˜4n, Q, g˜) is given by R˜ = νR0 (see (2)). We denote by R
ǫ
CPn
the curvature tensor of the ǫ-complex projective space (normalized such that the
holomorphic curvature equal to 1):
RǫCPn(X,Y ) =
1
4
(
− ǫX ∧ Y + JX ∧ JY − 2〈JX, Y 〉J
)
.
It is a straightforward to verify the
Proposition 5.13. Let (M2n,J ǫ, g) be a totally ǫ-complex submanifold of the para-
quaternionic space form M˜4n. We have:
(1) RTTXY = −ǫν(R
ǫ
CPn)XY = ǫ
ν
4
(
ǫX ∧ Y − J1X ∧ J1Y + 2〈J1X,Y 〉J1
)
.
(2) Ric(RTT ) = ν2 (n+ 1)g , g = g˜|M .
(3) R⊥T = RT⊥ = 0.
(4) R⊥⊥XY =
ν
4
(
− J2X ∧ J2Y + ǫJ3X ∧ J3Y + 2ǫ〈J1X,Y 〉J1
)
.
As a consequence of Corollary (5.6) and Proposition (5.13) we get
Proposition 5.14. Let M2n be a ǫ-Ka¨hler submanifold of a para-quaternionic
space form M˜4n with reduced scalar curvature ν.
RicM (X,X) =
ν
2 (n+ 1)g(X,X) + trC
2
X
= ν2 (n+ 1)||X ||
2 −
∑2n
i=1 µi||h(Ei, X)||
2, X ∈ TxM
Moreover the second fundamental form hx of M at point x ∈M vanishes if and
only if (RicM )x =
ν
2 (n+1)g. In particular M is a totally ǫ-complex totally geodesic
submanifold if and only if
RicM =
ν
2
(n+ 1)g .
From Proposition (5.12) we get
Proposition 5.15. A maximal ǫ-Ka¨hler submanifold (M2m,J ǫ, g) of a non flat
para-quaternionic space form is locally symmetric if and only if the tensor field
[C,C] is parallel. In particular, any maximal ǫ-Ka¨hler submanifold with parallel
second fundamental form is (locally ) symmetric.
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Proof. It is sufficient to prove only the last statement. Assume that ∇′h = 0. Then
∇XC = ǫω(X)J
ǫC and ∇X [C,C](Y, Z) = [∇XCY , CZ ] + [CY ,∇XCZ ] =
ǫω(X)
(
[J ǫCY , CZ ] + [CY ,J
ǫCZ ]
)
= 0 since CY anticommutes with J
ǫ.

6. The parallel cubic line bundles of a maximal parallel ǫ-Ka¨hler
submanifold
For a deep analysis of parallel submanifolds of a quaternionic manifold refer to
[5], [19]. We will assume that M˜4n is a para-quaternionic Ka¨hler manifold with
the reduced scalar curvature ν 6= 0. We consider first the case that (M2n, J, g) is a
parallel totally complex submanifold of M˜ . From Proposition (5.7)
PXY := (∇XC)Y − ω(X)J ◦ CY = 0 X,Y ∈ TM.
We will assume moreover that M is not a totally geodesic submanifold, i.e. h 6= 0.
By Proposition (5.7)M is a curvature invariant submanifold (R⊥T = 0). We denote
by TCM = T 1,0M + T 0,1M the decomposition of the complexified tangent bundle
into holomorphic and antiholomorphic parts and by T ∗CM = T ∗1,0M+T ∗0,1M the
dual decomposition of the cotangent bundle.
Denote by S
(1)C
J the complexification of the bundle S
(1)
J (see Corollary (5.2))
and by g ◦ S
(1)C
J the associated subbundle of the bundle S
3(T ∗M)C. We will call
S3(T ∗M)
C
the bundle of complex cubic forms.
Proposition 6.1. Let (M2n, J, g) be a parallel Ka¨hler submanifold of a para-qua-
ternionic Ka¨hler manifold M˜4n with ν 6= 0. If it is not totally geodesic then on M
there is a pair of canonically defined parallel complex line subbundles L (resp. L) of
the bundle S3(T ∗1,0M) (resp. S3(T ∗0,1M)) of holomorphic (resp. antiholomorphic)
cubic forms such that the curvature induced by the Levi-Civita connection has the
curvature form
(30) RL = −iνF, (resp. RL
′
= iνF ).
Proof. We first prove the following
Lemma 6.2. g ◦ S
(1)C
J = S
3(T ∗1,0M) + S3(T ∗0,1M).
Proof. Since J |T 1,0M = i Id, J |T 0,1M = −i Id, one has
SCJ = Hom(T
1,0M,T 0,1M) + Hom(T 0,1M,T 1,0M)
where SCJ is the space S
C
J of complex endomorphisms of T
C
xM which anticommute
with J . In fact, let X ∈ T 1,0M , A ∈ SCJ , and denote by AX = Y = Y
1,0 +
Y 0,1, Y 1,0 ∈ T 1,0M, Y 0,1 ∈ T 0,1M . Then AJX = iAX = iY 1,0 + iY 0,1 whereas
−JAX = −JY 1,0 − JY 0,1 = −iY 1,0 + iY 0,1 which implies Y 1,0 = 0. Analogously,
if X ∈ T 0,1M , we get Y 0,1 = 0.
Hence the space g ◦ SCJ of symmetric bilinear forms, associated with S
C
J is
g ◦ SCJ = S
2(T ∗1,0M) + S2(T ∗0,1M) .
In fact, for X ∈ T 1,0M and A ∈ SCJ ,
< AX, Y >= − < J2AX, Y >=< JAX, JY >= − < AJX, JY >= −i < AX, JY > .
This implies that JY = iY i.e Y ∈ T 1,0M . Analogously, if X ∈ T 0,1M then
Y ∈ T 0,1M . This proves the lemma. 
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Using this lemma we can decompose the cubic form gC ∈ g ◦ S
(1)
J associated
with the shape operator C = J2h into holomorphic and antiholomorphic parts:
gC = q + q ∈ S3(T ∗1,0M) + S3(T ∗0,1M) .
Since, by assumption, ∇XC = ω(X)J ◦ C we have
g∇XC = ∇X(gC) = ∇Xq +∇X q¯ = ω(X)g(J ◦ C).
For Y, Z ∈ T 1,0M , we get
∇X(gC)(Y, Z) = ω(X)g(JC(Y, Z)) = −iω(X)gC(Y, Z)
since C(Y, Z) ∈ T 0,1M and JC(Y, Z) = −iC(Y, Z). This shows that
(31) ∇Xq = −iω(X)q.
Under the changing of adapted basis (Jα) → (J
′
α) represented in basis (J1, J2, J3)
by the first matrix in (21), we have J ′2 = cos θJ2 + sin θJ3 and the cubic form q
changes by q → q′ = (cos θ − i sin θ)q . In fact, for Y, Z ∈ T 1,0M ,
q′(Y, Z) = cos θJ2 ◦ h(Y, Z) + sin θJ1(J2 ◦ h(Y, Z)) = cos θq − i sin θq
since J2 ◦ h(Y, Z) ∈ T
0,1M . Analogously q → q′ = (cos θ + i sin θ)q.
Note also that the cubic forms q and q are not 0 at any point, since by assumption
the second fundamental form h is parallel and not zero. These show that the com-
plex line bundle L = spanC(q) ⊂ S
3(T ∗1,0M) (resp. L = spanC(q) ⊂ S
3(T ∗0,1M))
is globally defined and parallel, i.e. the Levi-Civita connection ∇ preserves L (resp.
L) and defines a connection ∇L in L (resp. ∇L in L). Using (31), we calculate the
curvature of ∇L as follows:
RL(X,Y )q =
(
[∇LX ,∇
L
Y ]−∇
L
[X,Y ]
)
q =
(
[∇X ,∇Y ]−∇[X,Y ]
)
q
= −∇X
(
ω(Y )iq
)
+∇Y
(
ω(X)iq
)
+ ω([X,Y ])iq
= −dω(X,Y )iq − ω(Y )ω(X)q + ω(X)ω(Y )q
= −dω(X,Y )iq = −νF (X,Y )iq
Analogously it is ∇Xq = iω(X)q and R
L(X,Y )q = νF (X,Y )iq . 
Definition 6.3. A parallel subbundle L ⊂ S3(T ∗1,0M) with the curvature form
(30) on a Ka¨hler manifold M is called a parallel cubic line bundle of type −ν.
Corollary 6.4. A parallel maximal Ka¨hler not totally geodesic submanifold M of
a para-quaternionic Ka¨hler manifold M˜ with ν 6= 0 has a pair of parallel cubic line
bundles of type ±ν.
Let consider now the case that (M2n,K, g) is a parallel, totally para-complex,
not totally geodesic submanifold of M˜ . Then
PXY = (∇XC)Y + ω(X)K ◦ CY = 0 X,Y ∈ TM and h 6≡ 0.
By Proposition (5.7)M is a curvature invariant submanifold. Let TM = T+M+
T−M be the bi-Lagrangean decomposition of the tangent bundle into the (+1) and
(−1) eigenspaces of K and by T ∗M = (T ∗+M) + (T ∗−M) the dual decomposition
of the cotangent bundle. We will call S3(T ∗M) the bundle of real cubic forms.
We recall that C ∈ S
(1)
K (see Corollary (5.2)) and we denote by g ◦ S
(1)
K the
associated subbundle of the bundle S3(T ∗M). Following the same line of proof of
lemma (6.2) we can affirm that
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Lemma 6.5. g ◦ S
(1)
K = S
3(T ∗+M) + S3(T ∗−M).
We can then decompose the cubic form gC ∈ g ◦ S
(1)
K associated with the shape
operator C = J2h according to :
gC = q+ + q− ∈ S3(T ∗+M) + S3(T ∗−M) .
Proposition 6.6. Let (M2n,K) be a parallel para-Ka¨hler submanifold of a para-
quaternionic Ka¨hler manifold M˜4n with ν 6= 0. If it is not totally geodesic then
on M the pair of real line subbundle L+ := Rq+ ⊂ S3(T ∗+M) and L− := Rq− ⊂
S3(T ∗−M) are globally defined and parallel, i.e the Levi-Civita connection ∇ pre-
serves L+ (resp. L−) and defines a connection ∇L
+
on L+ (resp. ∇L
−
on L−)
whose curvature is
(32) RL
+
= νF, (resp. RL
−
= −νF )
where F = g ◦K is the Ka¨hler form of M .
Proof. Following the same line of proof of the previous Ka¨hler case, we have
(33) ∇Xq
+ = ω(X)q+; ∇Xq
− = −ω(X)q−.
Under a changing of the adapted basis (Jα)→ (J
′
α), represented in basis (J1, J2, J3)
by the second matrix in (21), we have that
q+ → q′+ = (cosh θ − sinh θ)q+ and q− → q′− = (cosh θ + sinh θ)q−.
Note that q+ 6= 0 and q− 6= 0 at any point, since by assumption the second
fundamental form h is parallel and not zero and the metric g is non degenerate onM .
Then the real line bundles L+ := Rq+ ⊂ S3(T ∗+M) and L− := Rq− ⊂ S3(T ∗−M)
are globally defined and parallel, i.e the Levi-Civita connection ∇ preserves L+
(resp. L−) and defines a connection ∇L
+
on L+ (resp. ∇L
−
on L−). Moreover
RL
+
(X,Y )q+ =
(
[∇L
+
X ,∇
L+
Y ]−∇
L+
[X,Y ]
)
q+ =
(
[∇X ,∇Y ]−∇[X,Y ]
)
q+
= ∇X
(
ω(Y )(q+)
)
−∇Y
(
ω(X)(q+)
)
− ω([X,Y ])(q+)
= dω(X,Y )(q+) = νF (X,Y )q+ .
Analogously RL
−
(X,Y )q− = −νF (X,Y )q−. 
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